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iSummary
In [1], the authors have developed a representation-theoretic ap-
proach to reveal the correspondence between certain automorphic
representation and Kohnen’s plus space. Though the quoted arti-
cle focuses on cusp forms, the methodology applies to a larger au-
dience, including the Eisenstein series of half-integral weight. The
current writing will carry out this approach, with necessary ad-
justments, to establish a similar link between certain induced rep-
resentation and the Eisenstein series Hr/2 of half-integral weight.
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In this chapter, we introduce the basic notion of modular forms and related
concepts. The Hecke eigenform Hr/2 will be discussed in its number-theoretic
background. The main references are [2], [3].
1.1 Modular Forms
1.1.1 Modular group and congruence subgroups
Let H = {z|Im(z) > 0} be the upper half plane of C. The special linear
group SL2(Z) acts on H by linear fractional transformation, i.e. for all γ =a b
c d
 ∈ SL2(Z), z ∈ H, we define γ · z = az+bcz+d . Let Γ be a subgroup of
1
2 1. NUMBER-THEORETIC APPROACH TO HR/2













for some positive integer N . For our purpose, the following two congruence




















1.1.2 Modular functions and modular forms
Let k be an integer. A complex-valued function f on H is weakly modular of
weight 2k if f is meromorphic on H and satisfies the relation:








 ∈ SL2(Z). A meromorphic function is weakly modular of
weight 2k if and only if
f(z + 1) = f(z) and f(−1
z
) = z2kf(z).
In particular, since f has period 1, we can rename f to f˜ as a function of
q = e2piiz. Then f(z) = f˜(q) =
∑+∞
−∞ anq
n. A weakly modular function f is
called modular if it is meromorphic at infinity, which means that f˜ extends to
a meromorphic function at the origin. A modular function is called a modular
form if it is holomorphic everywhere, including at infinity. This means that
an are zero for all n smaller than a certain integer. Furthermore, if a modular
form is zero at infinity, it is called a cusp form. Here “holomorphic at infinity”
means an are zero for n < 0 and “zero at infinity” means an are zero for n ≤ 0.
1.1.3 Eisenstein series







where the summation is over all pairs of integers (m,n) other than (0, 0). The
Eisenstein series Gk(z) is a modular form of weight 2k. We have Gk(∞) =
2ζ(2k) where ζ denotes the Riemann zeta function.
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Denote by Mk the C-vector space of modular forms of weight 2k, M0k the




for k ≥ 2. When k = 0, 2, 3, 4, 5, Mk is a vector space of dimension 1
with basis 1, G2, G3, G4, G5 respectively, and of course, M
0
k = 0 for these
values of k. Denote g2 = 60G2, and g3 = 140G3. Let ∆ = g
3
2 − 27g23, then
multiplication by ∆ defines an isomorphism from Mk−6 onto M0k .
1.1.4 Slash operator
Let GL+2 (Q) denote the subgroup of GL2(Q) consisting of matrices with
positive determinant. Suppose f is a modular form of weight 2k. We define
a “slash operator |[γ]2k” as follows,




 ∈ GL+2 (Q). It can be verified that (f |[γ1]2k)|[γ2]2k =
f |[γ1γ2]2k, for γ1, γ2 ∈ GL+2 (Q)]. See [2]
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1.1.5 Double coset and Hecke operator
Let ∆ be any subgroup of any group G, and let ξ ∈ G be any element of
G such that ∆ and ξ−1∆ξ are commensurable, i.e., their intersection ∆′ =
∆ ∩ ξ−1∆ξ is of finite index in either group. Let [∆ : ∆′] = d and write
∆ = ∪dj=1∆′δj, where δj ∈ ∆. Then ∆ξ∆ = ∪dj=1∆ξδj.
Suppose that Γ is a congruence subgroup of SL2(Z), and let α ∈ GL+2 (Q).
Denote Γ′ = Γ ∩ α−1Γα, d = [Γ : Γ′], and Γ = ∪dj=1Γ′γj. Suppose that f(z)
is a function invariant under |[γ]2k for all γ ∈ Γ. Then we may define the





Let Γ = Γ1(N), and let n be a positive integer. Denote by ∆ the set of




N . Then we define Hecke operator Tn on a modular form f ∈Mk(Γ1(N)) by
Tn(f) = n
k−1∑ f |[Γ1(N)αΓ1(N)]2k,
where the sum runs over all double cosets of Γ1(N) in ∆. If n is squarefree,
there is only one double coset of Γ1(N) in ∆.
It follows that if (m,n) = 1, Tm and Tn commute and for prime number
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p and positive integer n, we have
TpTpn = Tpn+1 + p
2k−1Tpn−1 .
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1.2 Modular Forms of Half-Integral Weight
1.2.1 Modular form of weight r/2
It may be verified easily that
Lemma. For any odd integer r, if f(γz) = (cz + d)r/2f(z), then f(z) = 0.
So we need an alternative way to define the modular forms of half-integral
weight. We first introduce the following notations.
Let d be an odd integer, let c be any integer. If d is a positive prime
number, the usual quadratic residue symbol ( c
d






1 if c is a nonzero quadratic residue modulo d
0 if d|c
−1 otherwise
We extend this definition to arbitrary odd d as follows. Suppose d can be
written as a product of primes d =
∏
j pj, where pj are not necessarily dis-







). If (c, d) > 1, then ( c
d
) = 0. If d = ±1 and c = 0,
then ( c
d
) = 1. If d < 0, c > 0, then ( c
d
) = ( c|d|). Finally, if d < 0, c < 0, then
( c
d
) = −( c|d|). This extended definition is also used in the second chapter.
For the multi-valued function z
1
2 , z ∈ C, we always take the branch of
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For an odd integer d, we define
d =

1 if d ≡ 1 (mod 4)
i if d ≡ 3 (mod 4)




and z ∈ H by
j(γ, z) = (
c
d
)−1d (cz + d)
1
2 .
Let k be an odd integer, a holomorphic function f on H is called a modular
form of weight r
2
if, for γ =
a b
c d
 ∈ Γ0(4) and z ∈ H,
f(γz) = (j(γ, z))rf(z).
1.2.2 A 4-sheeted covering of GL+2 (Q)
Since the automorphy factor j(γ, z) is only defined for γ ∈ Γ0(4), we do not
have a preferred branch of the square root (cz+ d)
1
2 for an arbitrary element
in GL+2 (Q). Instead of GL+2 (Q), we shall need a four-sheeted covering G,
which is sufficiently large to handle all possible branches of the square roots
occurring in the automorphy factor j(γ, z). Let T denote the group of the
fourth roots of unity. Define G to be the set of all ordered pairs (α, φ(z)),




 ∈ GL+2 (Q), φ(z) is a holomorphic function on H such
that φ(z)2 = t cz+d√
detα
for some t ∈ {±1}. The group law of G is guaranteed
by the following proposition from [2].
Proposition. Suppose (α, φ(z)), (β, ψ(z)) are two elements of G, then the
product
(α, φ(z))(β, ψ(z)) = (αβ, φ(βz)ψ(z))
defines a group law of G.
Now, for any congruence subgroup Γ, we denote by Γ˜ the subgroup
{(γ, j(γ, z)|γ ∈ Γ} of G.
For ξ = (α, φ(z)) ∈ G and r ∈ Z, we define a “slash operator” |[ξ]r/2 on
functions f defined on H by
(f |[ξ]r/2)(z) = f(αz)φ(z)−r.
We may now proceed to define the space of modular forms on the liftings
of congruence subgroups.
Suppose f(z) is a meromorphic function on H, and invariant under [γ˜]r/2
for γ in a subgroup Γ′ of finite index in Γ0(4). It is shown in [2] that such f
admits a qh expansion similar to that of integral weight modular forms, where
qh = e
2piiz/h for some integer h. In the same fashion, we say f is meromorphic
at infinity if only finitely many negative powers of qh occur in the expansion,
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and holomorphic if no negative powers of qh occur.
Consider the action of elements in Γ′ on the cusps Q∪∞. Proposition 2 in
chapter 4 section 1 of [2] implies that the above definitions of meromorphic or
holomorphic functions depends only on the Γ′-equivalence class of the cusps.
We say that f(z) is a modular form (cusp form) of weight r/2 for Γ˜′ if it is
meromorphic (holomorphic) at every cusp of Γ′. We denote by Mr/2(Γ˜′) the
space of modular forms of weight r/2 for Γ˜′ and Sr/2(Γ˜′) the space of cusp
forms of weight r/2 for Γ˜′.
1.2.3 Eisenstein series


















They both belong to Mr/2(Γ˜0(4)) and are linearly independent. In fact, they
span the subspace of non-cusp forms. Alternatively, Er/2 and Fr/2 can be




















In particular, we are interested in a linear combination of the two Eisenstein
series,
Hr/2 = ζ(1− 2λ)(Er/2 + (1 + ir)2r/2Fr/2),
where λ = (r − 1)/2. Its q-expansion coefficients enjoy nice properties, but
implication of these exhibits only in the context of the theory of elliptic
curves, so we pause here.








Suppose 4|N , define
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where the sum is over all distinct right cosets of Γ˜1(N) in the double coset.
It is known that the Hecke operators on forms of half-integral weight are
nontrivial only for perfect square n.
1.2.5 The Shimura map
For each positive squarefree integer, Shimura and Niwa constructed a lifting
of cusp forms of weight r/2 for Γ0(4N) with character χ to cusp forms of
weight r − 1 for Γ0(2N) with character χ2, where r ≥ 7. [2][6]
Theorem. (Shimura) Let r ≥ 3 be an odd integer, λ = (r−1)/2, 4|N , χ be a
Dirichlet character modulo N . Let f(z) =
∑∞
n=1 ane
2piinz ∈ Sr/2(Γ˜0(N), χ) be
an eigenform for Tp2 for all primes p with corresponding eigenvalue λp, i.e.,
Tp2(f) = λpf . Define a function g(z) =
∑∞
n=1 bne









1− λpp−s + χ2(p)pr−2−2s .
Then g ∈Mr−1(N ′, χ2) for some integer N ′ which is divisible by the conductor
of χ2. If r ≥ 5, then g is a cusp form.
Proposition. (Niwa) In Theorem 1.2.5 one can always take N ′ = N/2.
The reuslts above are stated in their full generality. However, we are only
interested in the simplest case when N equals to 4 and χ is trivial. Then the
theorem works for f(z) ∈ Sr/2(Γ˜0(4)).
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an = 0 when (−1)(r−1)/2n ≡ 2 or 3(mod 4)

It turns out thatM+r/2(Γ˜0(4)) is the direct sum of a 1-dimensional subspace







an = 0 when (−1)(r−1)/2n ≡ 2 or 3(mod 4)

In [4], Kohnen showed that under the above Shimura map we have isomor-
phisms fromM+r/2(Γ˜0(4)) toMr−1(SL2(Z)) and from S
+
r/2(Γ˜0(4)) to Sr−1(SL2(Z)).
Kohnen has also modified the Hecke operator T4, and defined a slightly
different operator T+4 on M
+
r/2(Γ˜0(4)), then proved that Hr/2 is a Hecke eigen-
form for the operator T+4 .




Gelbart showed in [5] that there is a bijection mapping between certain au-
tomorphic representation and the space of cusp forms of half-integral weight.
Then in [1] one result is that a subspace of the automorphic functions corre-
sponds to Kohnen’s plus space of cusp forms under the same bijection coupled
with an operator introduced in [6]. The objective of the current chapter is
to show that, under the representation-theoretic methodology outlined by [5]
and [1], we can construct in certain induced representation a function that
corresponds to the Hecke eigenform Hr/2.
The underlying field F is either Qp or R.
15
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2.1 Induction over Adele
Now, with the help of the Weil index, we construct an induced representation
over the Adele A(Q).
Let

















G(A) = G(A)× {±1}, T(A) = T(A)× {±1}, B(A) = B(A)× {±1}.
We equip G(A) with the group law in the proposition 2.6 of [5]. Namely, at
place p, the group law on G(Qp) is
(g1, 1)(g2, 2) = (g1g2, 12σp(g1, g2)),
where σp(g1, g2) is a 2-cocycle defined as follows. Let (∗, ∗)p be the Hilbert
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symbol over Qp. For all gp =
a b
c d
 ∈ G(Qp), define
xp(gp) =
 c if c 6= 0,d if c = 0,
and
sp(gp) =
 (c, d)p if p is a finite prime, cd 6= 0 and ord(c) is odd,1 otherwise.
Then




σp so that the group law on G(A) is




sp. By proposition 2.15 of [5], the map
γ → (γ, sA(γ))
provides an isomorphism between G(Q) and a subgroup of G(A). Thus we
may denote an arbitrary element of G(A) in the form (x, sA(x)) henceforth.
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For all s ∈ C, we define the characters











where t∞ ∈ R, tp ∈ Qp, and | · |∞, | · |p are norms of R,Qp respectively. Note
that χs(t) = 1 if t ∈ ∆Q, the diagonal embedding of Q into A.
Since SL2(A) admits Iwasawa decomposition, we may extend the defini-
tion of χs to SL2(A) by
χs(ntk) = χs(t),




 ∣∣∣∣ b ∈ A
, t ∈ T(A), k ∈ K(A).
Let F denote the space of C∞-functions f on G(A) s.t.
i) The right translates of f by K∞K2 span a finite dimensional subspace;
ii) f(ubtg) = γ(t)f(g), ∀u ∈ N(A), b ∈ B(Q), t ∈ T(A), g ∈ G(A), where
γ(t) = γ(t∞) ·
∏




∣∣∣∣ f ∈ F, f(tng) = χs(t)f(g),∀t ∈ T(A), n ∈ N(A), g ∈ G(A)
 .
Then I(s) is an induced representation of G(A) by right translation.
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For ϕ ∈ I(s), we define




The sum converges absolutely and uniformly for g in any compact subset and
s with Re(s) > 1. [8] This is a function on SL2(Q)\G(A).
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2.2 Inductions over local fields
Now we develop the theory for local places, namely, for ˜SL2(Qp), where p is
prime, and S˜L2(R).








































where ∗ is an arbitrary element in the underlying field (or ring). With these
notations, we only specify the underlying fields when necessary. Now we have
B˜ = T˜ N˜ ⊆ S˜L2. In particular, B˜, T˜ , and N˜ are subgroups of S˜L2.
Let
K˜ =
 SL2(Zp)× {±1} if F = QpSO2(R)× {±1} if F = R
2.2. INDUCTIONS OVER LOCAL FIELDS 21
Then





× {±1} ∣∣∣∣ a ∈ Z×p , b ∈ Zp
 if F = Qp
{(±I2,±1)} ∼= Z/4Z if F = R
,
where I2 denotes the 2× 2 identity matrix, and





 ∣∣∣∣ b ∈ Zp
 if F = Qp
(I2, 1) if F = R
Let χ be a character of T˜ , i.e.,
χ : T˜ → C×.
We may extend χ to be a character of B˜ = T˜ N˜ by setting
χ(tn) = χ(t),
for all t ∈ T˜ , n ∈ N˜ .





f : S˜L2(F)→ C
∣∣∣∣ f(tng) = χ(t)f(g),∀t ∈ T˜ , n ∈ N˜ , g ∈ S˜L2(F)
 .
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In our context, the functions in this collection are C∞-functions if F = R,
and locally constant with a compact support modulo B˜(F) if F = Qp, p is
prime. The group S˜L2(F) acts on the principal series by right translation,






χ is completely determined by χ and the values of f on
K˜(F).





f : K˜(F)→ C
∣∣∣∣ f(tng) = χ(t)f(g),∀t ∈ T˜ ∩ K˜, n ∈ N˜ ∩ K˜, g ∈ K˜
 .
We now proceed to investigate Ind
S˜L2(F)
B˜(F)
χ over different fields, so that we
may prepare for further discussions on an induced representation over a ring
of Adeles in the later sections.
Case 1
We now choose F = Qp, where p 6= 2.
Let Kp = SL2(Zp)×1, then Kp is a subgroup of K˜p. We have S˜L2 = B˜Kp








 ∣∣∣∣ α ∈ Z×p , β ∈ Zp
 .





f : Kp → C
∣∣∣∣ f(tng) = χ(t)f(g),∀t ∈ T˜ ∩Kp, n ∈ N˜ ∩Kp, g ∈ Kp
 .




χ, and moreover, it is invariant under the action of Kp. We call
such a vector a Kp-spherical vector and the representation a Kp-spherical
representation. The spherical vector is unique.
Case 2
Let F = Q2.
In this case, we may define a γ-spherical vector. This has been explained
extensively in [1].
Case 3
If F = R, then
B˜ ∩ K˜ = T˜ ∩ K˜ = {(±1,±1)} ∼= Z/4Z.
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Since K = SO2(R), we identify K˜ with

 cos θ sin θ
− sin θ cos θ
 , 1
 ∣∣∣∣ −pi < θ ≤ pi
 ∪

 cos θ sin θ
− sin θ cos θ
 ,−1
 ∣∣∣∣ −2pi < θ ≤ −pi or pi < θ ≤ 2pi
.





f : K˜ → C
∣∣∣∣ f(xg) = χ(x)f(g),∀x ∈ T˜ ∩ K˜, g ∈ K˜
 .
Suppose that χ(−I2,−1) = i (or − i), Indχ has a basis of functions
{e2n+1/2|n ∈ Z}, where e2n+1/2(k(θ)) = e(2n+1/2)θi for k(θ) ∈ K˜.
In fact, if s + 1 /∈ 2Z + 1/2, the induced representation is irreducible.
If s + 1 ∈ Z + 1/2 and s ≥ 0, the induced representation has a submodule
spanned by {e2n+1/2|2n + 1/2 ≥ s + 1}. The vector es+1 is then the lowest
weight vector. The submodule is called the discrete series representation of
S˜L2(R).







 ∈ G(R), we define a holomorphic function on the
upper half plane H by
J(g, z) = (cz + d)1/2,
where for any complex number w, arg(w) ∈ (−pi/2, pi/2]. In fact, J(g1g2, z) =
J(g1, g2z)J(g2, z) for g1, g2 ∈ G(R) by lemma 3.3 in [5].
According to Proposition 3.1 in [5] and [1], there exists a bijection Q that
maps a certain space Ar/2 of functions on SL2(Q)\G(A) to the space of cusp
forms Sr/2(Γ˜0(4)) by
(Qϕ)(z) = ϕ(g∞)J(g∞, i)r,





 so that g∞i = √yi+x/√y0i+1/√y =
x+ iy = z.
Now we revert to the series E(g, s, ϕ) defined in the first section of this
chapter. Although being a function on SL2(Q)\G(A), this function does not
belong to the space Ar/2 mentioned above. However, we try to apply the
same bijection map on E(g, s, ϕ). For a specific ϕ, we will arrive at Hr/2
which is of interest to many mathematicians.
In the definition of E(g, s, ϕ), the summand is a function on G(A). So
given a ϕ, we can express the summand as a direct product of functions on
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each local field, i.e. ϕχs = ϕ∞
∏
p
ϕp. In order to prove the theorem, we
choose ϕ in the following way. For p 6= 2, let ϕp be the spherical vector
we found in Case 1 of section 2.2; let ϕ2 be a γ-spherical vector; and ϕ∞
is associated with the lowest weight vector in the induced representation in
Case 3 of section 2.2.
Let r ≥ 5 be a positive odd integer, and set s = r/2 − 1. With such ϕ,
we define






In [6], an operator W4 commuting with Hecke operators (except T4) is
defined by










In the definition of H ′r/2(z), x runs through the coset representatives of
B(Q)\G(Q). We now consider the action of G(Q) on the collection of lines in
Q2. Then B(Q) is the stablizer of these lines. So we may represent each line
by a point (c, d) it passes through, such that c, d ∈ Z and gcd(c, d) = 1. This




 ∣∣∣∣ c, d ∈ Z, gcd(c, d) = 1, d > 0
.









We may choose a convenient scalar multiple of the lowest weight vector






 cos θ sin θ
− sin θ cos θ
 ,
for some m,n ∈ R and radian θ. So J(xg∞, i)r = m− r2 e− irθ2 . On the other
28 2. REPRESENTATION-THEORETIC APPROACH TO HR/2














This gives ϕ∞(xg∞)J(xg∞, i)r = 1.







before applying the operator W4 to it. Note that ϕ2 is invariant on left
translation by any element in B(Q).
We consider the following three cases, depending on the nature of c for
general x = ( a bc d ).
Case 1:
4|c.








suffices to consider only d ≡ 1 (mod 4). In this case,
a b
c d

















−2a+ c −2b+ d





















K0 by theorem 16 in [1].
Case 3:
c is odd.






. It suffices to








a+ nc b+ nd
c d
 we may choose an appro-
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priate n so that a + nc is divisible by 4. Thus we may also assume that 4|a
without loss of generality.



















 = 1 + γ(−1)√
2







 such that c ≡ 1 (mod 4) and 4|a. Here the Weil character
γ(−1) = −ir.
Computation






























Now we handle the two summations separately.
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because when 4|c, ϕ2(x) = 1.






















































































because if c is odd, ϕ2(x) = −1+ir2 .
















In this case, sA may be computed using proposition 2.16 of [5] and a nice
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property of Hilbert symbol, namely,
∏











































































, and by renaming the variables c, d1 to d, c, respec-
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2 (1 + ir)Fr/2 + Er/2
)
Hence, this gives a scalar multiple of Hr/2 defined in section 1.2.3.
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